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Abstract 

We study the relations between the second order nonlinear differential equations 



00 

y" + ai(x, y)y' 3 + 3a 2 (x, y)y' 2 + 3a 3 (x, y)y + a 4 (x, y) = 
with arbitrary coefficients ai(x,y) and dual the second order nonlinear differential equations 

b" = g(a,b,b') 

t^J- . with the function g(a, b, b = c) satisfying the nonlinear partial differential equation 

°- 

gaacc + 2cg abcc + 2gg 

accc 

O ' +9 2 9cccc + (g a + cg b )g ccc - 4g abc - 4cg bbc - cg c g bc 

-3g9bcc ~ g c gacc + 4g c g bc - 3g b g cc + 6g bb = . 

1 Introduction 

x'. 

The relation between the equations in form 

y" + a 1 (x,y)y' 3 + 3a 2 (x,y)y' 2 + 3a 3 (x, y)y' + a 4 (x,y) = (1) 

and 

b" = g(a,b,b>) (2) 
with function g(a, b, b') satisfying the p.d.e 

Qaacc + 2cg abcc + 2gg accc + c 2 g bbcc + 2cgg bccc + 

9 2 9cccc + (g a + cg b )g ccc - 4g abc - 4cg bbc - cg c g bcc - (3) 
3ggbcc - g c 9acc + ^9c9bc - 3g b g cc + 6g bb = 0. 
from geometrical point of view was studied by E.Cartan [1]. 
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In fact, according to the expressions on curvature of the space of linear elements (x,y,y') 
connected with equation (1) 



where: 



and 



Ql = a[u 2 A u\] , = bleu 1 A lu 2 } , Vl 2 = hluj 1 A uj 2 } + k[uj 2 A lu 2 } 



ld 4 f _ db _ dpi _ 1 d 2 f d 3 f 

a ~~Qdy iil 'dy' 1 ~ ~dy' ~~ 6d 2 y'd 3 y' ' 



lyy'y'y' 



6& fxxy'y' fxyy'y' 2 / fxy'y'y' 1/ fyyy'y' 2y f fy 

+ / fy'y'y'y' + (fx + y fy)fy'y'y' ~ ^fxyy' ~ Ml fyyy' ~ y fy'fyy'y' 
~ 3/ fyy'y' ~ fy'fxy'y' + ^fy'fyy' ~~ ^fyfy'y' + ®fyy ■ 

two types of equations by a natural way are evolved: the first type from the condition a = and 
second type from the condition 6 = 0. 

The first condition a = lead to the the equation in form (1) and the second condition give 
us the equations (2) where the function g(a,b,b') satisfies the above p.d.e. (3). 

From the elementary point of view the relation between both equations (1) and (2) is a result 
of the special properties of their General Integral 

F(x,y,a,b) = 

which can be considered as the equation of some 3-dim orbifold. 

2 Method of solution and reductions 

The equation (2) forming dual pair with some equation (1) can be find from the solutions of the 
p.d.e.(3). 

For solutions of this type of equation we use the method of solution of the p.d.e.'s described 
first in [3]. 

To integrate the partial nonlinear first order differential equation 

y, Z, f X) fy, f Z) f xx ., fxyi fxzi fyyi fyzi fxxxi fxyyi fxxyi ••) (4) 

can be applied a following approach. 

We use the following parametric presentation of the functions and variables 

f(x,y,z) -> u(x,t,z), y-*v(x,t,z), f x ->u x -—v x , 

, _ut_ , «* , (JO* , _ K - f t v x)t 

Jz > U Z V Z , Jy > , Jyy > , J X y > , ... [D ) 

Vt v t v t v t 

where variable t is considered as parameter. 
Remark that conditions of the type 

fxy fyx j fxz fzx ■ ■ ■ 

are fulfilled at the such type of presentation. 
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In result instead of equation (4) one get the relation between the new variables u(x,t, z) and 
v(x,t,z) and their partial derivatives 

$(u, v, u x , u z , ut, v x , v z , v t ...) = 0. (6) 

In some cases the solution of such type of indefinite equation is more simple problem than 
solution of the equation (4). 

The equation (3) has many types of reductions and the simplest of them are 

g = c a uj[ac a -\ g = c a u[bc a - 2 ], g = c a uj[ac a -\bc a -\ g = aT a u[ca a -\ 

g = b 1 - 2a u[cb a - 1 }, g = a _1 w(c - b/a), g = a" 3 cj[6/a, b - ac), g = a p/a ~ 2 u[b a /a p , c a /a^ a }. 

For every type of reduction we can write corresponding equation (3) and then integrate it. 
Remark that the first examples of solutions of equation (3) were obtained in [2-8] . 

Proposition 1 Equation (3) can be represent in form 

9ac + 99cc - 9c/ 2 + °9bc - 2g b = h(a, b, c), (7) 
h ac + gh cc - g c h c + ch bc - 3h b = 0. 

So in standard name of variables we get 

fxy + ffyy ~ fy/ 2 + Vfyz ~ Vz = h(x, Z, y), 

Ky + fkyy - fyky + yll XZ ~ Zfl g = 0. (8) 



3 Two-dimensional short-cut (x, y) equation 

At the condition h(x, z, y) — we get the equation 

Uy + ffyy - f y /2 + V f yz ~ 2f z = 0. (9) 

In particular case f(x,z,y) = f(x,y) the equation takes the form 

fxy + ffyy ~ fy/ 2 = 0- (10) 

It was integrated in the [4] by the Legendre transformation and another methods in more latest 
publications. 

We consider a new approach to integration of this equation. 

The change from the equation (10) to the (6) lead to the relation between the functions u(x, t) 
and v(x,t) and their derivatives 

( d \ ( d \ d 2 ( d \ ( d 2 \ d 

+2 [g- t U(x,t)j [^V(x,t)j W v{ X ,t)-2 [g- t U(x,t)j [g^v(x,t)j ^(x,t) + 

( d 2 \ d ( d \ d 2 ( d V d 

+2 u(x, t) I QpU(x, t) I —v(x, t)-2 u(x, t) I — u(x, t) I q^v(x, t) - I — u(x, t) I —v(x, t) = 



The substitutions here of the form 

u(x, i) = t d t cu(x, t) — u(x, t), 
v(x, t) = d t cu(x, t) 

give us the linear p.d.e. equation 

" 2 dtdi u{x ' t] + 2 t] ~ 2 u{x ' t] ~ 1 t) = - 

The equation (11) is transformed into the form 



a,a{ w " + v (-1 + 1?) 

with the change of variables 

£ = x + 2/t, i] = x 

and can be integrated by the Laplace-method. 

In particular case the equation (11) admits the solution 

u(x, t) = -_C1 + 4 _C2 ln(t)t + 4 _C2 t + _C3 1 + _CV t 2 + x {_C1 1 + _C2 t 2 ) 

with arbitrary parameters _Ci and elimination of the parameter t from the relations 

d 

fix, y) - t^(x, t) + u(x, t) = 

and 

d , , 

y- g^OM) = 

give us the solution of the equation (10) taking of of the form at the condition _C4 = 
f(x,y)=4-C2 [LambertW(l/2xe- 1/4 =ra )) 

i /„ -y+8 _C,S+_C5+_Ci x . n 

+8_C2 Lam&erW ( 1/2 rre" 1 / 4 =35 Jar 1 + _Ci . 

So the equation 
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— = 4_C2 ( Lam&eriW^ (1/2 ae~ 1/4 35 )J a _1 + 

+8_C , 2Lam&erW(l/2ae- 1/4 =es )a' 1 + _C1 (12) 

is dual for the some equation in form (1). 

In fact General solution of the equation (12) is defined by the relation 

b - 8 _C2 a + 8 x_C2 - _C3 a + _C3 x - 1/2 _C1 a 2 + 1/2 _C1 x 2 - 

-4_C2aln(2) + A_C2x\n(2) - 4 _C2 a\n((-a + x)" 1 ) - y(x) = 0, 



and elimination of the variables a, b from here give us the equation in form (1) 

+ 1/4 (ib(*)) 2 + 1/4 (-8 _C2 ln(2) - 2 _C3 - 2 _C7 x - 12 _C£) £y fr) 



+ l/4_Cl 2 :r + 2_C7 _C2 ln(2) + 1/2 _C3 _C1 + 2_C2_C1 + 

32 _C2 2 + 12 _C£ _C3 + _C3 2 + 8 _C3 _C2 ln(2) + 48 _C£ 2 ln(2) + 16 _Qg 2 (ln(2)) 2 

x 

(13) 

Remark that the equation (13) is the Rikkati equation with respect of variable z(x) = 

4 Two-dimensional short-cut (2, y) equation 

The next example is the equation (9) at the conditions h(x,z,y) = and f(x,z,y) = f(z,y) 

ff yy -f*/2 + yf yz -2f z = 0. (14) 

For a such equation we get the relation 

( d 2 \ d ( d \ d 2 ( d \ 2 d 

2 u(z, t) [Qpu(z, t)j g- t v(z, t) - 2 u(z, t) ^-u(z, t)j ^v(z, t) - ^-u(z, t)j ^(z, t)+ 

+2V ^ (&z UM ) (^)) 2 -2v(z,t) 

/ <9 \ / 9 \ a 2 / d \ ( d 2 \ d 

+2 »(*,<) (^(M)) ^( Zlf )j _„(,,() -2„( 2lf ) ^_„( 2 , t) j _,,(;,,)- 

- 4 (s" |2j| ) (l" fei) ) 3+4 (l" (z - f) ) (l" fei) ) 2 = 

which is equivalent the p.d.e 

-2 t) + 2 f f) - t 2 ^(^, t) - 2 f )) ^"(z, 0+ 

+4 ^(z,t)J-^,t) = (15) 

after the substitution 

t) = t d t co(z, t) — iv(z, t), 
v(z,t) = d t u(z,t). 
A simplest solution of the equation (15) can be find in form 

u(z,t) = A{t) + zt 2 
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where the function A(t) satisfies the linear equation 

-2 A(t) - 2 tjA{t) + 3 t 2 ^A (t) = 

having the solution 

(11 

A(t) = --^ + _C2t 2 . 

After inverse transformation in the case _C2 = we find corresponding solution of the equation 
(14) in implicit form 

-351918 y 3 z 2 _Cl 3 (f(z, y)f + 84672 y 5 z_Cl 3 f(z, y) - 34992 y 1 (f(z, y)f z 2 + 

+8748 y 4 (f(z, y)f z + 46656 (f(z, y)) 7 z 3 - 729 y 6 (f(z, y)f + 518616 yz 3 _Cl 3 (f(z, y)) 3 + 

+823543 z 4 _C7 6 -6912y 7 _C7 3 = 0. 

So the second order ODE 

-351918 (-^b(a)\ (b(a)) 2 _C1 3 ( ^b(a)) + 84672 ( -^-b(a)) b(a)_Cl 3 ^b(a)- 
\da ) \da l ) \da ) da 1 

-34992 (A Ka) Wil 6(a) )V )f + 8748 K (a) V (il 6(a) ) V)+ 



+46656 ( ' (M«)) 3 - 729 + 

da y ' J y y " \ da 2 



+518616 ( -^-6(a) J (6(a)) 3 _C7 3 ( ^b(a) } +823543 (6(a)) 4 _C7 6 - 



-6912 (A Ka ))'-«^0 

is dual equation for the some equation of the form (1). 
It can be reduced to the first order ODE 

-351918 (h(b)fb 2 _Cl 3 (^rHb)) +84672 (h(b)f b_Cl 3 ^-h(b)- 

\ CLU J LIU 

-34992 (h(b)) 8 (J^Hb^J b 2 + 8748 (h(b)f (j^Hb^J 6+ 

+46656 ^/i(&)) (Kb)) 7 b 3 - 729 (h(b)) 10 (^hib^ + 

+518616 (h(b)fb 3 _Cl 3 (^K^j + 823543 b A _Cl 6 - 
-6912 (a(6)) 7 _C7 3 = 

having singular solution 

h{h) = m 1085/7 v / - 64 -^ 3 - 



In general case _C1 7^ 0, _C2 ^ we also get the first order ODE having singular solution 
in the form 

\da v 7 11664 2916 

823543 „ „ 2 823543 _ „ ^ l3 823543 ^ 3l4 n 

H — _Ci _C2 2 b 2 H _C7 _C2 6 3 H _C7 3 6 4 = 0. 

1944 2916 11664 

which corresponds the function determined from the equation 
a + 4 (-1/12 b(a) - 1/12 _C2) 7 



. -11664 = j + _C3 = 0. 

\ _Ci 3 (_C2 + 6(a)) 4 



In more general case the solution of the equation (15) has the form 



CO 



( z ,t) = (*™) _ci (V- 1+4fc ) _1 ) r 1 + _C2t 2 + kzt 2 



where k is essential parameter. 

With help of the function u(z,t) a large class of solutions of the equation (14) radically de- 
pending from the choice of parameter k can be produced. 

5 Two-dimensional full (x, y)- equation 

In the case f(x,z,y) = f(x,y), h(x,z,y) = h(x,y) 7^ from the system (8) we find full (x,y) - 
equation 

d 4 / d \ <9 3 d 4 d 4 

f(x, y) + -z-f(x, y) -^f( x , y) + 2 f( x , y) a 2a a v) + (f( x > v)f ^-z/fo v)~ 



dydx 2 dy ' \dx ' J dy 3 ' ' dy 2 dxdy ' ' dy 

W^'^ = - (16) 

This equation can be transformed into the form ([5]) 

f^^ixfff) + -^^(xxff) -1 = (17) 

with the help of presentation 

y-Q(f(x,y),x) = 0. 
From the equation (17) we find that the function fl x (f,x) defined by the relation 

tK/,,) = 

satisfies the equation 

? r A(x,/) = l/6 — A(x,/) +«(/) A(x,/) +/3(/)_A( a ;,/) + l i(/), 



with arbitrary coefficients. 
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From solutions of this equation we can find the function g(a, c) from the relation 

c — Q(g(a, c), a) = 

and the equations forming dual pair with the equations 

y" + a^y' 3 + 3a 2 (x)y' 2 + 3a 3 (x)y' + a 4 (x) = (18) 

can be obtained by such a way. 

Remark that the equation (18) has the form of Abel's equation with respect the variable 
z(x) = y'. 

In the case of its solvability (Bernoulli and others) there are a lot possibilities to get an examples 
of of dual equation in explicit form. 

Let us consider the solutions of the equation (16) in form 

Ay" 2 + (By' 3 + Cy' 2 + Ey' + F)y" + Hy' 6 + Ky' 5 + Ly' 4 + My' 3 + Ny' 2 + Py' + Q = 

were the coefficients depend from the variable x A = A(x), B = B(x).... 
Joint consideration of the relation 

Af(x, y) 2 + {By 3 + Cy 2 + Ey + F)f(x, y) + Hy G + Ky 5 + Ly 4 + My 3 + Ny 2 + Py + Q = 

and (16) lead to the conditions for determination of the coefficients. 
As example we find 

-26244 A 2 (f(x, y)f + (l8 x 3 y 3 + 2916 Axy 2 ) f(x, y) + 27 x 2 y A + 3888 y 3 A = 

or 

_ 2m>A > ^ y(x) J _ 324 A (^(,)) (;§»(*)) „(,)+ 

+3 {y{x))2 {li y{x) ) - 2{y{x))3 ^ y{x) + mA {Tx y{x) ) =a 

From General Integral 

y_Cl x 2 + 2 y_Cl x_C2 + y_Cl _C2 2 + 108 A - 108 A_C1 x - 108 A_C1 _C2 = 0, 
we find dual equation 

4 6 ( a ) + (^)) 3a4+2 (^ i(o) )^ a 

The equation 

b" = A/b 3 

has General Integral 

b 2 -x(a-y) 2 -- = 

x 

Corresponding dual equation looks as 

- Ax ° 2 + (-« (m - 2 3 xa ) ^ + a2 ~ 

-3, 8 (^W) 4 -6^(A !;W )\ = 
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6 Short-cut (x, y, z) equation 

The equation has the form 

d 2 d 2 ( d \ 2 d 2 d 

f(x, y, z)+f(x, y, z)—f(x, y, z)-l/2 ^-f(x, y, z) +y^ r f(x, y, z)-2 ^-f(x, y,z) = 



oxoy oy z \oy J oyoz oz 

On rearrangement we find the relation 

2 (^ u(x ' M) ) {m v{x ^ z) ) " 2 {m u{x ^ z) ) {m^ v{x ^ z) ) m v{x ^ z) ~ 

( d \ ( d 2 \ d ( d \ ( d \ d 2 

~ 2 [dx V ^ X,t,Z ^J [di? U ( X,t,Z > ) di V ^ X,t,Z ^ +2 [fa v ( x ' t ' z >) { di U ^ X,t,Z ^ ) dp^*'*'*'* 

( d 2 \ d (d \ d 2 

+2 u(x, t, z) I TjpU(x, t, z) J g^v(x, t,z)-2 u(x, t, z) I -^u(x, t, z) J q^v(x, t, z)- 

( d \ 2 d ( d 2 \ ( d \ 2 

- I -^u(x,t,z) 1 —v(x,t,z)+2v(x,t,z)\-^-u(x,t,z)\\—v(x,t,z)\ - 

( d \ ( d 2 \ d 

-2v(x,t,z) \ —v(x,t,z) 1 \ —u(x,t,z) 1 —v(x,t,z)- 

( d \ ( d \ d 2 

-2v{x,t,z) \ —v(x,t,z) 1 \ —u(x,t,z) 1 -^-v(x,t,z)+ 

( d 2 \ ( d \ d 

+2v(x,t,z) l—v(x,t,z) I \—u(x,t,z) I —v(x,t,z)- 

t ( 9 / A 3 5 / , J d , ,\ 2 fd . A 9 , , ft 
-4 k^.M) ^V,t,z)+4 kv.M) I -QjU{x,t,z) I —v(x,t,z) = 0. 

From here with the help of substitution 

t,z) — t d t u(z, t) — u(z, t), 
v(x, t, z) = d t cu(z, i) 

we get the equation 

<9 2 9 <9 2 

-2 -^^uj(x, t,z) + 2 t-Qju(x, t,z)-2 u(x, t, z) - t 2 —u(x, t, z)- 

*> z )\ otif z u ( x i + 4 f ^2 *> z n *> z ) = °- ( 19 ) 

We consider the solutions of the equation (19) in form 

cu(x, t, z) = A(x, t) + kzt 2 

where k is parameter. 
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In result we get linear equation for the function A(x, t) 

(2 1 - 4 kt) ^A(x, t) + (-t 2 + 4 kt 2 ) ^A(x, t) - 2 ^A(x, t) - 2 A(x, t) = 0. 
It can be transformed into the form 

4 (3 k - 1) (-£ + 77) |^4(£, 77) - i?)) (-£ + (-1 + 4 fc) - 2 77) = 

with help of the substitutions 

f >. x xk „ 1 ] 

U = ^,»7 = ^^t + 4 - ■ - = -2 



-1 +4fc — l + 4fc (-l + 4ife)*J 
In result the Laplace-equation 

JL A(e (12t-4)^«,,) ,4 K ,,) 
9 , a? (-1 + 4*) (-{ + .,) (-« + ri) 2 (-l + 4fc) 

with the invariants 



H = -2 



and 



has been obtained. 

For a given case we have 



K = 6 



+ (-1 + 4 A;) 

2 A; - 1 
(-Z + v ) 2 (-l+4k) 



and 



tl 

q= dMlnH) = _ i+4k 
H 

i.e. all invariants of the Laplace-sequence of the equation (19) are in a fixed ratio ([9]). 
In particular the condition 

H N /H = 1 + (1 -p)N- l/2qN(N + 1) = 

= 1 + (6 k - 2) N - 1/2 (-1 + 4 Jfe) N (N + 1) 

is fulfilled. 

From here we have 

N = 2, N = -(-1 + Aky 1 . 
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7 Full (x, y, z)- equation 

The construction of non trivial solutions of a full (x, y, z)- equation 

d 4 ( d \ d 3 d 4 

-f(x, V, z) + -z-f(x, y, z) Tr^f(x, y,z) + 2 f(x, y, z) f(x, y, z)- 



oyox z oy \ox J oy A oy z oxoy 

d 3 d 4 d 4 

~ 4 dy-^-J^ mz) + 2 V WMJ^ Z) + (/( "' Z)f ^ Z) + 

d 4 ( d \ d 3 

+4 (^/(s, y, s) j _/(*, y, s) - ^-/(x, y, z) j y, z)+ 

f d \ d 3 d 3 d 4 

+y [teffr y> z ) ) w f{x ' y ' z) ~ A y ^dyTz f ^ y > z) + y2 dzWd~z f{x ' y " z) ~ 

( d \ d 2 d 3 

+ 6—f(x, y , z ) = (22) 
may be interested to understanding of the properties of 3-dim orbifolds 

F(x,y,a,b) = 

defined by the second order ODE's (1). 

Here we describe some approach to solution of this problem. 
With this aim we introduce the function K(t, x, z) by definition 



y" = f{x, y, z) = vT+^(r, x, z) = K{r f z) 
v cos r P 



where 

t = arctan(y') 

Function K(t, x, z) is the curvature along the curve. 

From the equation (22) we find the equation for the function K(t, x, z) 

- 4 y^ K ^ z) ) sm(2 r)+4 {ox^ k ^ z) )^ 2t) - 6 (-&z k ^ z) )^ 2t)+ 

+2 {dx&d-z K ^ *' Z) ) Sin(2 T) + 9 *' Z) + dx&d~x K ^ X > Z) + 9 *' Z) + 



+ K{t, x,z)-8 (—^—K(t, x, z)) cos(2 r) + 20 (K(r, x, z)f ^K(r, x, z)+ 



+2 (K(t, x,z)) 2 ^K(t, x, z) + 18 (K(t, x, z)f - ( ^-^- K(r, x, z^J cos(2 r) + 
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<2r) - 3 (j^K(T,x,z)"j cos(2r) + (^^(w)) «»(2r)- 



+ 3 ( Q^ K ( T ' X ' Z ) j COS ( 



-8 (j^( W )) W )) sin(r) + 8 (|-X( W )) ™s(t)^-K(t, x, z)- 

d rr , ,\ ( d 3 TW \ . , x „ / 9 TW X ( d 



-2 ^— A-(r,x,z)J ^^-Jf(r,x,z)J sin(r) + 8 ^— X(r,x,z)J ^-X(r,x,z)j sin(r) + 
/ d \ / d 2 \ d 4 

+6 I Q^ K ( T ' X ' Z )j ( Q^2 K ( T > X > Z ) j Sm ( T ) + 4 ^( r ' X > Z ) Sm ( T ) (9r 3^ i:i: ( r ' X ' 

/ 9 \ <9 3 <9 2 

-2 I — K(t,x,z)\ cos{t)-^^K(t,x,z) + 28 K(t,x, z) sm{r)-^^K(r,x, z)+ 

d ( d 3 \ 

+36 K(t, x, z) sm{T)—K{T, x, z) + 6 K(t, x, z) I q t iq x K \ t i x > z > J sm ( r ) + 

/ d 2 \ ( d \ d 3 

+28 K(r, x, z) I q^;K(t, x, z) \ cos(r) + 2 I -^K(r, x, z) \ sin(r)— K(r, x, z) + 

( d \ d 3 ( d 3 \ 

+2 I fa K ( T , x > z ) J cos ( r )^^( r > x,z)-6 K(t, x, z) I q^q^ K ( t , x , z ) J cos(r) + 

( d \ d ( d \ ( d 2 \ 

+ 8 ( ]fr K ( T > x > z ^ } C0S ( r )^ i M r ' X ' z ' ~ 6 \ ~dz K ^ T ' X,Z ^I \ dT 2K(yT ' X ' Z ' ) cos ( r )~ 

( d \ d 4 

-36 K(t, x, z) I -^K(t, x, z) J cos(r) + 4 K(t, x, z) cos(r) q^;K(t, x,z)=0. (23) 

A simplest solutions of the equation (23) has the form 

K(t, x,z) = - (-0-U(x, z)) sin(r) + (^-U(x, z)) cos(r) (24) 



dx I \dz 



where 



and 

-12 (£>U(x, z)) §-U( X , ,) - 12 ,)) „) + 6 z ) + 6 ^t/(., ,) = 0. 

It follows that the function [/ (x, z) is solution of the equation 

U xx + £4, = exp(2C7) 
and condition (24) corresponds the equation 

z" = (t/,-^)(l+/) 

This equation is cubic on the first derivative and this case corresponds the projectively flat 
pair of the second order ODE's. 
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As an illustration of nontrivial example can be considered the function 

K(t,x,z) = - 

(cos(r)) 3 (2 tan(r)x 3 (l + (tan(r)) 2 a; 6 ) + 2 (l + (tan(r)) V) 3/2 + 3 tan(r):r 



x 4 



which correspond the second order ODE 



2 z'x 3 ( 1 + z' 2 x 6 ) + 2 f 1 + z' 2 x 6 Y /2 + 3 z'x 3 
z" = ^ >—± 1 . (25) 

Equation (25) is dual equation for the some of the second order ODE cubic on the first 
derivative. 

It enters into the composition of the equations 

b = g(a,b,b) = , 

where the function A(6'a M_1 ) = A(£) satisfies the equation 

(A + (/i- l)0 2 A IV + 3(/i -2)(A+(fi- l)S)A ni + (2 - ^A 1 A u + (// - 5/x + 6)A n = 0. 

This solution was considered here as an example of solution of the full f(x, y, z) - equation. 
In a most general case the solution of the equation (23) can be considered in the form 

T,™= (A„{x, z) sin(rn) + B n (x, z) cos(rn) + C n (x, z)) 

K{r,x,z) = — . 

cos(r) J 

Remark 1 The system (8) after the change of variables and function according to the rule 

g(x : b' : b) = b'<P(xMb):b/b') 

takes the form 



d d 2 ( d 2 \ d 2 

2 —<j>{x, 77, + 2 ^r^x, r7,0-2 tt^^x, v, U + 2 <p(x, 77, Ott^O*, ^ 0" 



-4 0(x, v , f -J^-A{x, v, K + 2 <t>{x, v, I iLfa, v, ) £ 2 - OK*, 77, 0) 2 + 



+2 0(x, 77, Q^fo »7, 0) £ " ( jj^fo ^> 0) + 2 ( j^fo ^ 0) ^ 0) £~ 

- (J^<f>(x, V, o) ^ + 2 ^<K^ ^ " 2 (|^> ^ 0) e - 4 ^(x, 77, = 2«(x, 77, 

<9 2 / <9 2 \ d 2 ( d 2 \ 

g^<x, 77, - V,Z)JZ + <t>{x, V, Og^<x, 77, - 2 0(x, 77, V, J 

d ( d 2 \ ( d \ 

-2 (f>{x, 77, Qt^k(x, 77, + 77, l— K (x, 77, J + 3 0(x, 77, ( q£k(x, 77, J f- 
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- [q^Mb, v, J ^^(^ v, + ^ _ ( 5^2 K ( x ' ^ U - 4 ^> = o, 

tt>/jere 

77 = ln(fe'), £ = 6/^ 

This form of equation can be of used for construction of a new examples of dual equations. 
In more general case exists the reduction in the form 



8 Examples 

Here we discuss possibility to reception of a new examples of dual equations. 
Let 

<f>(x,y,y') = C 
be the first integral of the second order ODE 

y" = f( x ,y,y')- 

Then from the relation 

<j)x + y'(j)y + f(x, y, y')<f)y> = 

we find 

f(x,y,y) = y -. (26) 

<t>y> 

After substitution of this expression into the relation (8) we get the equation to determination 
of the function <j)(x, y, y'). 

Let us consider an examples. 

Substitution of the expression (26) into the (9) lead to the equation 



2 ( 4-A(v)X ( ^A(rj)) A( v )-2 (4-A(rj)) (^A(rj)) (A( v )) 2 - 3 (4:Mv)X + 



drj J \drf J \drj J \dr] 3 J \drj 



d 



2 



+3 h^Mv) I (A(v)Y = (27) 



on the function 

<P(x,y,z)=A(^ x~\ »7 = |- 
The solution of the equation (27) is 

LambertW(l/2e 1 / 4 - C2 - cl e 1 /^- cl e- 1 )_C3 



A( V ) 



LambertW '(1/2 e i/4_ca_ci e i/4,_cJ e -i) + \ 



or 



A(^-) = LambertW (1/2 e^^e-^-CS (LambertW (1/2 e 1/4 ^e" 1 ) + l) 1 . 
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Using this expression it is possible to find the second order ODE 

/ d 2 \ ( -(j^y(x))_Cl+iy(x) 

I —y(x) y{x)x_Cl -4 (y(x)f [ LambertW (1/2 e~ lf 4 ) 



dx 



-(■£y(*))-Cl+4,y(x) (A \ 2 

-8 (y(x)f LambertW {1/2 e~ l ' A ^ ) - 4 (y(x)f - —y(x) _C1 x = 



dx' 



with General Integral 



y-( —) Aa i6 x ( — V%(-2:r + 2ar 4a = 0. (28) 

V x — a) \ x — a) 

From here is followed that the equation 

b" = g(a,b,b') 

must be cubic on the first derivative V . 

Substitution of the expression (26) into the full equation (22) lead to the equation on the 
function <f>(x, y, z) having the solution in form 

0(W)=A(£) x-\ V = K 

where the function A (77) satisfies the condition 

which is generalization of the equation (27). 
Its solution can be presented in form 

' ge Jh(g)dg+_C2 

A( V )=eI^ + - C3 , 
where the function h(g) satisfies the equation 

Jg 2 -2g + l)(h(g)f (4^-3)(%)) 2 (3^ 2 |%)-3(|%))^-l)%) | 

2 2 2 ' 

g g g 
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Its solution in turn is expressed trough the solution of the Abel equation 

^Lb(a) = -a (2 a 2 + 7 a + 6) (&(«)) 3 + (-3 a - 7) (b(a)) 2 - 3 ^ 

having elementary particular solutions. 
In explicit form we get 

h(g) = - ae lHa)da+_Cl + Q ( e fb(a)da + _Ciy 

and 

_X _|_ g/ &(a)<2a+_Ci 
^ _ e Jb(a)da+_Cl 
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